DECOMPOSITIONS OF GELFAND-SHILOV KERNELS INTO 
KERNELS OF SIMILAR CLASS 



JOACHIM TOFT, ANDREI KHRENNIKOV, BORJE NILSSON, AND SVEN NORDEBO 

Abstract. We prove that any linear operator with kernel in a Gelfand-Shilov 
space is a composition of two operators with kernels in the same Gelfand-Shilov 
space. We also give links on numerical approximations for such compositions. 
We apply these composition rules to establish Schatten-von Neumann properties 
for such operators. 



0. Introduction 

In this paper we investigate possibilities to decompose linear operators into op- 
erators in the same class. It is obvious that for any topological vector space B, the 
set Ai = of linear and continuous operators on B is a decomposition algebra. 

That is, any operator T in Ai is a composition of two operators in T 1; T 2 G Ai, 
since we may choose Ti as the identity operator, and T 2 = T. If in addition B is a 
Hilbert space, then it follows from spectral decomposition that the set of compact 
operators on B is a decomposition algebra, where the decomposition property are 
obtained by straight-forward applications of the spectral theorem. 

An interesting subclass of linear and continuous operators on L 2 concerns the 
set of all linear operators whose kernels belong to the Schwartz space. There are 
several proofs of the fact that this operator class is a decomposition algebra (cf. 
e.g. [D[n|T21[r5] an d the references therein). 

We remark that there are operator algebras which are not decomposition alge- 
bras. For example, if B is an infinite-dimensional Hilbert space and < p < oo, 
then the set of all Schatten-von Neumann operators of order p is not a decompo- 
sition algebra. 

In this paper we consider the case when Ai is the set of all linear operators with 
distribution kernels in the Schwartz class, or in a Gelfand-Shilov space. We note 
that these operator classes are small, because the restrictions on corresponding 
kernels are strong. For example, it is obvious that the identity operator does not 
belong to any of these operator classes. 

We prove that any such Ai is a decomposition algebra. Furthermore, in the 
end of the paper we apply the result and prove that any operator in Ai as a 
map between appropriate Banach spaces, or quasi-Banach spaces, belongs to every 
Schatten-von Neumann class between these spaces. 



Key words and phrases, matrices, Hermite functions, kernel theorems, Schatten-von Neumann 
operators, singular values. 
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1. Preliminaries 



In this section we recall some facts on Gelfand-Shilov spaces and pseudo-differential 
operators. 

We start by defining Gelfand-Shilov spaces and recalling some basic facts. 
Let < h, s e R be fixed. Then we let S Sth (R d ) be the set of all / G C°°(R d ) 
such that 

\xP9>f{x)\ 
ll/lls s , fe -sup h \a\+W(a\fi\)' 

is finite. Here the supremum should be taken over all a, (3 £ N d and x e R d . 

Obviously S s> h Q is a Banach space which increases with ft, and s. Further- 
more, if s > 1/2 and h is sufficiently large, then S s ^h contains all finite linear 
combinations of Hermite functions. Since such linear combinations are dense in 
it follows that the dual S' s h (R d ) of S sA (R d ) is a Banach space which contains 

y(R d ). 

The Gelfand-Shilov spaces S s (R d ) and E s (R d ) are the inductive and projective 
limits respectively of S St h{R d )- This means that 

S s (R d ) = |J S s , h (R d ) and E s (R d ) = f| S s , h (R d ), (1.1) 

h>0 h>0 

S s (R d ) is equipped with the strongest topology such that each inclusion map from 
S Si h(R d ) to 5 s (R d ) is continuous, and that E s (R d ) is a Frechet space with semi 
norms || • \\ SsJi , h>0. 

We remark that 5 s (R d ) equals {0} if and only if s < 1/2, and that S s (R rf ) equals 
{0} if and only if s < 1/2. For each e > and s > 1/2, we have 

E s (R d )^<S s (R d )^E s+e (R d ). 

Here, if A and B are topological spaces, then A > B means that A is continuously 
embedded in B. On the other hand, in [11] there is an alternative elegant definition 
of S Sl (R d ) and iS S2 (R d ) such that these spaces agrees with the definitions above 
when S\ > 1/2 and S2 > 1/2, but Ex^R^) is non-trivial and contained in iS!/ 2 (R d ). 
From now on we assume that s > 1/2 when considering E s (R d ). 

The Gelfand-Shilov distribution spaces S' s (R, d ) and E' s (R d ) are the projective and 
inductive limit respectively of S' sh (Ti d ). This means that 

S:(R d ) = f|^(R d ) and E' s (R rf )=|J^(R d ). flD}' 

h>0 h>0 

We remark that already in 0] it is proved that iS^(R d ) is the dual of iS s (R d ), and 
if s > 1/2, then E^,(R d ) is the dual of E s (R d ) (also in topological sense). 

The Gelfand-Shilov spaces are invariant under several basic transformations. 
For example they are invariant under translations, dilations, tensor products and 
to some extent under any Fourier transformation. 

From now on we let & be the Fourier transform which takes the form 

WHO = /(0 = W d/2 [ f{x)e~^) dx 
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when / G L 1 (R d ). Here ( ■ , ■ ) denotes the usual scalar product on R d . The map & 
extends uniquely to homeomorphisms on ^'(R d ), ^(R d ) and E^(R d ), and restricts 
to homeomorphisms on ^(R d ), 5 s (R d ) and £ s (R d ), and to a unitary operator on 
L 2 (R d ). 

The following lemma shows that elements in Gelfand-Shilov spaces can be char- 
acterized by estimates of the form 

\f(x)\<Ce-^ 1/s and < Ce^" . (1.2) 

The proof is omitted, since the result can be found in e.g. [2111]. 

Lemma 1.1. Let f G iS^ 2 (R d ). Then the following is true: 

(1) if s > 1/2, i/ien / G <S g (R d ) ; and only if there are constants e > and 
C > such that §£2$ holds; 

(2) if s > 1/2, then f G £ s (R d ), if and only if for each e > 0, there is a 
constant C such that (11.21) holds. 

Gelfand-Shilov spaces can also easily be characterized by Hermite functions. We 
recall that the Hermite function h a with respect to the multi-index a G N d is 
defined by 

h a (x) = 7i- d ^(-l)^(2^a\)- 1/2 e M2/2 (d a e-^ 2 ). 
The set (h a ) orthonormal basis for L 2 (R d ). In particular, 

/ — Cghg, c a = (f,h a ) L 2( R d), (1.3) 

and 

\\f\\& = ||{Ca}o||ja < oo, 
when / G L 2 (R d ). Here and in what follows, ( • , ■ )L 2 (R d ) denotes any continuous 
extension of the L 2 form on <Si/2(R d ). 

Let p G [1, oo] be fixed. Then it is well-known that / here belongs to ^(R, d ), if 
and only if 

HCaiaYjaWlv < OO (1.4) 

for every t > 0. Here we let (x) = (1 + jx) 2 ) 1 / 2 when x G R d . Furthermore, for 
every / G ^"(R d ), the expansion (11. 3ft still holds, where the sum converges in 
and (11.41) holds for some choice of t G R, which depends on /. 

The following proposition, which can be found in e.g. [Sj, shows that similar 
conclusion for Gelfand-Shilov spaces holds, after the estimate (II .4p is replaced by 

||{c Q e*H 1/2s } Q || iP <oo. (1.5) 
We refer to the proof of formula (2.12) in j5] for its proof. 

Proposition 1.2. Let p G [l,oo], / G S[^ 2 H d ), Si > 1/2, s 2 > 1/2 and let c a be 
as in (11.31) . Then the following is true: 

(1) / G ^(R d ), if and only if (1 1.4p holds for every t > 0. Furthermore, (II. 3ft 
holds where the sum converges in 5? 7 ; 
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(2) / G 5 Sl (R d ), if and only if (JT3J) holds for some t > 0. Furthermore, ( II .3p 
no/ds where the sum converges in S S1 ; 

(3) / G X S2 (R d ) ; z'/ and on/z/ z'/ ( II. 5p no/ds /or every t > 0. Furthermore, (II. 3p 
no/ds where the sum converges in S S2 . 

(4) / G J^'(R d ) ; z'/ and on/z/ z'/ (11. 4p no/ds /or some t < 0. Furthermore, ( II. 3p 
no/ds where the sum converges in 5?' ; 

(5) / G 5^(R d ), z'/ and on/z/ z'/ (II. 5p no/ds /or every t < 0. Furthermore, ( II. 3p 
no/ds where the sum converges in S' ; 

(6) / G S' S2 (R d ), z'/ and on/z/ z'/ (II. 5p no/ds /or some t < 0. Furthermore, ( II. 3p 
no/ds where the sum converges in E' • 

Proposition 11.21 is fundamental in the proof of Theorem 12.21 which in turn is a 
cornerstone in the proof of Theorem 13.11 It also give links on how properties valid 
for tempered distributions or Schwartz functions can be carried over to Gelfand- 
Shilov spaces of functions or distributions by passing from estimates of the form 
(ll.4p to estimates of the form (II. 5p . and vice versa. 

Next we recall some properties of pseudo-differential operators. Let t G R be 
fixed and let a G iS>i/ 2 (R 2d ). Then the pseudo-differential operator Op t (a) with 
symbol a is the linear and continuous operator on Si/2(R d ), defined by the formula 

(Op t (a)/)(x) = W d jj a((l~t)x + ty,Of(y)e t{x -^ ) dyd^. (1.6) 

The definition of Op t (a) extends to each a G <S{/ 2 (R 2d ), and then Op t (a) is con- 
tinuous from 5i/ 2 (R o! ) to S[^ 2 (R d ). (Cf. e.g. [3j, and to some extent [5J.) More 
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precisely, for any a G <S(, 2 (R ), the operator Op t (a) is defined as the linear and 
continuous operator from iSi/ 2 (R d ) to S' 1 ^ 2 (R d ) with distribution kernel given by 

K a , t {x,y) = {& 2 l a){{l-t)x + ty,x-y). (1.7) 



Here JF2F is the partial Fourier transform of F(x,y) G S[, 2 (R ) with respect to 
the y variable. This definition makes sense, since the mappings ^ 2 and F(x, y) h-> 
F((l — t)x + ty,y — x) are homeomorphisms on <S(/ 2 (R ). 

On the other hand, let T be an arbitrary linear and continuous operator from 
iSi/ 2 (R d ) to S[/ 2 (R d ). Then it follows from Theorem 2.2 in [5] that for some 
K = Kt G <S( /2 (R 2d ) we have 

(Tf,g)&(a*) = (K,g (g)J) L 2 {R 2 d) , 

for every /, g G iS>i/ 2 (R d ). Now by letting a be defined by ( II .70 after replacing iiT a t 
with K it follows that T = Op t (a). Consequently, the map a 1— > Op t (a) is bijective 
from ^ /2 (R 2d ) to ^(S 1/2 (R d ),S[ /2 (R d )). 

lit = 1/2, then Op t (a) is equal to the Weyl quantization Op™ (a) of a. If instead 
t = 0, then the standard (Kohn-Nirenberg) representation a(x, D) is obtained. 
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In particular, if a G S[/ 2 (R 2d ) and s,t G R, then there is a unique b G 5^ 2 (R 2d ) 
such that Op s (a) = Op t (&). By straight-forward applications of Fourier's inversion 
formula, it follows that 

Ps (a) = Op t (6) = e^< c ^>a(z, 0- (1.8) 

(Cf. Section 18.5 in [6J.) Note here that the right-hand side makes sense, be- 
cause e l ^~ s ^ Dx ' D ^ on the Fourier transform side is a multiplication by the function 
e i(t-s)(x£) ^ which j s a continuous operation on iS^ 2 (R 2d ), in view of the definitions. 

Next let t G R be fixed and let a,b G iS^ 2 (R 2d ). Then the product a# t b is 
defined by the formula 

Ov t (a# t b) = Op t (a) oO Pt (6), 

provided the right-hand side makes sense as a continuous operator from Si/ 2 (R d ) 
to S[/ 2 (R d )- We note that the element a# t 6 is uniquely defined and belongs to 

ce <s; /2 (R M ). 

2. Gelfand-Shilov kernels and pseudo-differential operators 

In what follows we use the convention that if T is a linear and continuous 
operator from Si/ 2 (R dl ) to S' 1 ^ 2 (R d ' 2 ), and g G <S(, 2 (R d °), then T <g> g is the linear 
and continuous operator from iS>i/2(R dl ) to 5^ 2 (R d2+d °), given by 

(T 0) : f^{T f)®g. 

In the following definition we recall that an operator T from Si/2(R d ) to 5^ 2 (R d ) 
is called positive semi-definite, if (Tf,f) L 2 > 0, for every / G iS>i/2(R d ). Then we 
write T > 0. 

Definition 2.1. Let g?2 > d\ and let T be a linear operator from Si/ 2 (R dl ) to 
iS^ 2 (R d2 ). Then T is said to be a Hermite diagonal operator if T = T ® g, where 
the Hermite functions are eigenf unctions to T , and either d 2 = rfi and g = 1, or 
g?2 > ^i and g is a Hermite function. 

Moreover, if T = T ® g is on Hermite diagonal form and T is positive semi- 
definite, then T is said to be a positive Hermite diagonal operator. 

The first part of the following result can be found in [HQS] (see also [302] and 
the references therein for an elementary proof). 

Theorem 2.2. Let T be a linear and continuous operator from iSi/2(R dl ) to «S^ 2 (R d2 ) 
with the kernel K , and let do > min(cfi, d 2 ). Then the following is true: 

(1) If K G y{R, d2+dl ), then there are operators T\ and T 2 with kernels K\ G 
y(R do+dl ) andK 2 G ^(R d2+d °) respectively such thatT = T 2 oT 1 . Further- 
more, at least one ofT\ and T 2 can be chosen as positive Hermite diagonal 
operator; 
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(2) If s > 1/2 and K G S s (H d ' 2+dl ) , then there are operators 7\ and T 2 with 
kernels K x G S s (R do+dl ) and K 2 G S s (R d2+d °) respectively such that T = 
T 2 o T\. Furthermore, at least one of Ti and T 2 can be chosen as positive 
Hermite diagonal operator; 

(3) If s > 1/2 and K G Y, s (Ti d2+dl ) , then there are operators T\ and T 2 with 
kernels K x G S s (R a!o+dl ) and K 2 G S s (R d2+a!o ) respectively such that T = 
T 2 oTi. Furthermore, at least one of Ti and T 2 can be chosen as positive 
Hermite diagonal operator. 

Remark 2.3. An operator with kernel in ^(R 2 ^) is sometimes called a regularizing 
operator with respect to S s , because it extends uniquely to a continuous map from 
(the large space) ^(R^) into (the small space) ^(R 6 *). Analogously, an operator 
with kernel in £ s (R 2a! ) ( c y(R 2d )) is sometimes called a regularizing operator with 
respect to S s 

Proof of Theorem \2.2 . We only prove (2) and (3). The assertion (1) follows by 
similar arguments as in the proof of (3). Furthermore, a proof of the first part of 
(1) can be found in [Tl[T2]. 

First we assume that d = d\, and start to prove (2). Let h dt0l (x) be the Hermite 
function on R d of order a G N d . Then K posses the expansion 

K(x,y)= ^ ^2 a a ^h d2ia (x)h dl ^(y), (2.1) 

aGN d 2 /3eN d i 

where the coefficients a a ^ satisfies 

sup|a a ^l Q l 1/2s+ ^ 1/2s )|<oo, (2.2) 

for some r > 0. 

Now we let z G R dl , and 

K 0>2 {x,z) = ^2 h a,ph d . 2:a (x)h dlt R{z) 1 
K ,i(z,y)= ^ c a ,ph dl ^(z)h dlil3 (y), 

a,/3GN d i 

where 



(2.3) 



j. r|/3| 1 / 2s /2 i r -r|a| 1 / 2s /2 

b a ,p = a a> pe IPI 1 and c a>/3 = b^e 1 1 1 . 
Here 5 a ^ is the Kronecker delta. Then it follows that 

/ K ,2(x,z)K 0il (z,y) dz = ^ ^ a at ph d2 , a {x)h dl ^{y) = K(x, y). 

Hence, if Tj is the operator with kernel K j, j = 1, 2, then T = T 2 oTi. Furthermore, 

sup \b a ^ 1/2a+ \^' 2 \ < sup |a a .^e r ^l 1/2s+ l^ 1/2s )| < oo 

a,/3 a,/3 
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and 

sup\c a ^ 1/23+ W 1/2a / 2 \ =sup|e-^l 1/2s / 2 e^l 1/2s /2| < 

This implies that K ,i G S s (R dl+dl ) and if 0)2 G S s (R d2+dl ) in view of Proposition 
II. 2| and (2) follows with K\ = K Q) i and K 2 = K 02 , in the case d = d±. 

In order to prove (3), we assume that K G £ s (R d2+dl ), and we let a a ^ be the 
same as the above. Then (12.21) holds for any r > 0, which implies that if N > is 
an integer, then 

= su P { |/?| ; K i/3 | > e -2(N+i)(\ a \^+m 1/2 n for some a G N d2 } (2 _ 4) 

is finite. 
We let 

/i = {/3GN rfl ; |/3|<ei + l} 
and define inductively 

J. = {fi e N rfl \ 1^1 ^e.+j}, j>2. 

Then 

^ n I k = when j ^ fc, and (J 7j = N dl . 

We also let Ko t i and Kq >2 be given by (12.31) . where 

b a2 ,p = a a2 ^e ml/2a and c Qli/3 = 5 QlH ae _il/3|1/2s , 

when ai G N dl , 02 G N^ 2 and G Jj. If Tj is the operator with kernel Kq^ for 
j = 1,2, then it follows that T 2 o T\ = T. Furthermore, if r > 0, then we have 

sup|6 a ,^(H 1/2s+ ^ 1/2s )|< J 1 + J 2 , 

where 

Ji = sup sup sup |& ai/3 e r (l Q l 1/2s+ ^ 1/2s )| (2.5) 

j<r+l a /3<alj 

and 

J 2 = sup supsup|6 Q ^e r(|a|1/23+l/3|1/2s) | (2.6) 

j>r+l a /3elj 

Since only finite numbers of /3 is involved in the suprema in (I2.5p . it follows from 
(12. 2p and the definition of h a ^ that J\ is finite. 
For J 2 we have 

J 2 = sup sup sup I a a ^e 11 ^'-i-jjipi >\ 

j>r+l a 

< sup supsup|e- 2 ^l a l 1/2s+ l^ 1/2s )e^l 1/2s+ ^)l^ 1/2s )| <oo, 

j>r+l a 
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where the first inequality follows from ( 12. 4p . Hence 

snp|6 a .^ 1/2s+ ^ 1/2a )|<oo, 

a,/3 

which implies that K , 2 G £ s (R d2+dl ). 

If we now replace b a> p with c a ^ in the definition of J\ and J2, it follows by similar 
arguments that both J x and J 2 are finite, also in this case. This gives 

sup \c a ^e Vl 1 ^ IPI J | < OO. 

Hence ^ G S s (R dl+dl ), and (3) follows in the case do — d±. 

Next assume that do > d\, and let d — do — d\ > 1. Then we set 

If 1(2, j/) = ifo.i^i) y) h d,o(z 2 ) and if 2 (^, 2) = K , 2 (x, z 1 )hd,o{z 2 ) , 

where Kqj are the same as in the first part of the proofs, z\ G R dl and z 2 G R d , 
giving that 2; = (zx, z 2 ) G R d °. We get 

/ K 2 (x,z)K 1 (z,y)dz = K 0>2 (x, z^Ko^z^y) dz x = K(x,y). 

jR d JR d i 

The assertions (2) now follows in the case do > d\ from the equivalences 
K x G S s {R do+dl ) ^ K 0tl G S s {R dl+dl ) 

and 

K 2 G S s (R d2+d °) <=> K 0j2 G S s (R d2+dl ), 

Since the same equivalences hold after the S s spaces have been replaced by S s 
spaces, the assertion (3) also follows in the case do > d\, and the theorem follows 
in the case do > d\. 

It remains to prove the result in the case do > d 2 . The rules of d\ and d 2 are 
interchanged when taking the adjoints. Hence, the result follows from the first 
part of the proof in combination with the facts that S s and E s are invariant under 
pullbacks of bijective linear transformations. The proof is complete. □ 



Remark 2.4. From the construction of K\ and K 2 in the proof of Theorem I2.2[ it 
follows that it is not so complicated for using numerical methods when obtaining 
approximations of candidates to K\ and K 2 . In fact, K\ and K 2 are formed ex- 
plicitly by the elements of the matrix for T, when the Hermite functions are used 
as basis for 5? ', S s and E s . 

The following result is an immediate consequence of Theorem 12.21 and the fact 
that the map a 1— >■ K a t is continuous and bijective on iS Sl (R 2d ), and on S S2 (R 2d ), 
for every Si > 1/2, s 2 > 1/2 and t G R. 

Theorem 2.5. Let t G R ; S\ > 1/2 and s 2 > 1/2. Then the following is true: 

(1) if a G 5 Sl (R 2d ), then there are a\,a 2 G 5 Sl (R 2d ) such that a = a\^ t a 2 ; 

(2) if a G S S2 (R 2a! ) ; then there are ai,a 2 G S S2 (R 2d ) such that a = ai# t a 2 . 



3. SCHATTEN-VON NEUMANN PROPERTIES FOR OPERATORS WITH 

Gelfand-Shilov KERNELS 



In this section we use Theorem 12.21 to prove that if T is a linear operator with 
kernel in S s , and 38i, 38 2 Q <S' S are such that S s C 38i, 38 2 , then T belongs to any 
Schatten-von Neumann class of operators between 38 1 and 38 2 . in particular it 
follows that the singular values of T fulfill strong decay properties. 

We start by recalling the definition of Schatten-von Neumann operators in the 
(quasi-)Banach space case. Let 3$ be a vector space. A quasi-norm || ■ \\& on 8$ is 
a non-negative and real- valued function on 3$ which is non-degenerate in the sense 

||/IU = o <=► / = o, fe&, 

and fulfills 

\\afy = \a\-\\f\y, fe38, aeC 

and ||/ + g y < D(\\fy + \\ g y), f, g e&, 

for some constant D > 1 which is independent of /, g G 3$. Then 38 is a topological 
vector space when the topology for 3$ is defined by || • ||^, and ^ is called a quasi- 
Banach space if 3$ is complete under this topology. 

Let 38\ and 38 2 be (quasi-) Banach spaces, and let T be a linear map between 
3S\ and 38%. For every integer j > 1, the singular values of order j of T is given by 

aj(T) = <jj (3^1, 38 2 ,T) = inf \\T - T ||^^ 2 , 

where the infimum is taken over all linear operators T from 38 1 to 38 2 with rank at 
most j — 1. Therefore, cr 1 (T) equals ||T|| and o~j(T) are non-negative which 

decreases with j. 

For any p G (0, oo] we set 

imu = u r U(*,*) = ik^(^i. ®*t))7=i\\» 

(which might attain +oo). The operator T is called a Schatten-von Neumann 
operator of order p from to 38 2 , if II^IIj^ is finite, i.e. {o~j{3§i, 38 2 , T))° ! L 1 
should belong to V. The set of all Schatten-von Neumann operators of order p 
from 38 1 to 38 2 is denoted by = J v {38 u 33 2 ). We note that J r 00 (38 1 , 38 2 ) agrees 
with B(38i, 38 2 ), the set of linear and bounded operators from 38\ to 38 2 , and if 
p < oo, then ^ p (38i, 38 2 ) is contained in K,(38 1 , 38 2 ), the set of linear and compact 
operators from ^ to 38 2 . If = 38 2 , then the shorter notation J? p (38i) is used 
instead of ^{38^ 38 2 ), and similarly for B(38 1 ,38 2 ) and K,(38 1 ,38 2 ). 

Schatten-von Neumann classes posses several convenient properties. For exam- 
ple, if 38i, 38 2 and 38^ are Banach spaces, pi,p 2 ,r G (0, oo] satisfy the Holder 
condition 1/ Pl + l/p 2 = 1/r, and T k G ^ Pk {38 k , 38 k+1 ), then T 2 oTi G J^ r (^i, ^ 3 ), 
and 

where C r = 1 when 38j, j = 1,2,3, are Hilbert spaces, and C T = 2 1 / 1 " otherwise 
(cf. e. g. [lu]ITi]). We refer to [TUIIT3] for a brief analysis of Schatten-von Neumann 
operators. 
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The following theorem, which is the main result in this section, concerns Schatten- 
von Neumann properties for an operator Tk when the operator kernel K belongs 
to Gelfand-Shilov spaces. 

Theorem 3.1. Let 38 \ and 38 2 be quasi-Banach spaces such that 
S 1/2 (R d ^^38 j ^S' 1/2 (R^), j = 1,2, 

and let p G (0, oo] . Then the following is true: 

(1) if s > 1/2, 38 x S' s (R dl ), S s (R d2 ) <-> 38 2 , and K G S s (R d2+dl ), then 
T K e J p {38 x ,38 2 ); 

(2) if s > 1/2, 38 1 S' s (R dl ), S s (R d2 ) 38 2 , and K G E s (R rf2+dl ) ; then 

T K e S p {& 1} & 2 ); 

(3) if 38 1 >■ ^'(R dl ); ^(R d2 ) =^2; fln< ^ ^ J^(R d2+dl ) ; tten T x G 

J V {38 X ,38 2 ). 

We need some preparations for the proof. First we note that if 38 j, j = 1,2, 
are quasi-Banach spaces and T : ^ — > 38 2 , then 

< C\\T\\ Sl ^, when ^ 38 x and ^ 2 ^ <^ 2 , (3.1) 

for some constant C . Here and in what follows we use the convention that if T is 
a linear operator from 38 \ to 38 2 , c 1o\ C ^ and ^2 ^ ^2, then the restriction of T 
to an operator from to ^2 is still denoted by T. 

Lemma 3.2. Let 38^, k = 1,2, be quasi-Banach spaces such that ^\ e — >■ ^1 and 
=^2 ^ ^2- ^4/50 /et p G (0, 00] and T : ^1 — > 38 2 be linear and continuous. Then 

a^ x ,^ 2 ,T) < Ca 3 {38 x ,38 2 ,T), j > 1, 

(3.2) 

and ||T||^ p ( %i% ) < C\\T\\^ p ^ ly gg 2 ), 

where C is the same constant as in (13. ip . 

Proof. It suffices to prove the first inequality in f)3.2p . Let 

SI, = { T G B{38 u 38 2 ) ; rankT < j }, 

Qxj = { T G B(tf ls <*f 2 ) ; rank T < j }, 

and let Q 2 j be the set of all To in Qij such that To is a restriction of an element 
in Qj. Then Q 2 j C Qij, and the restrictions of the elements in Qj to ^1 belong to 
r^2,i- This gives 

aj(%_,%,T) = inf ||T - T ||^^ 2 < inf ||T - T | 

= inf ll T - Tb||«i->«5i < C inf \\T - T Q \\ Sl ^ 2 = Ca j (38 1 , 38 2 , T), 

where the last inequality follows from (13.11) . Hence (I3.2p follows, and the proof is 
complete. □ 
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Before stating the next results we need some notions from [14J concerning Hilbert 
spaces J^, which satisfy 

S 1/2 (R d )^J?^S[ /2 (R d ). 

We let 

(S v f)(x) = f(x w (i), . . . ,x^ d) ) G when / G S' 1/2 (R d ), 

when 7r is a permutation of {1, . . . , d}. The Hilbert space J4? is said to be of Hermite 
type, if {h a /\\h a \\^) a is an orthonormal basis for Jf, and ||5 , ir /|| i #> = \\f\\jt? for 
every / G and every permutation n on {1, . . . , d}. 

The L 2 -dual M" of consists of all / G ^ /2 (R d ) such that 

\\f\\jp> = sup | (/, yj)£a | 

is finite. Here the supremum is taken over all G <Si/2 such that ||v?||je — 1- 
We also let Jj? T be the set of all / G S[ /2 such that J G Jf 7 . Then and 

with norms / !->■ ||/||jr' and / i-)- respectively, are Hilbert spaces. 

The following two results are immediate consequences of Propositions 3.8 and 
4.9 in [H]. The proofs are therefore omitted. 

Proposition 3.3. Let Jffj be Hilbert space of Hermite types on R dj forj = 1, 2, and 
let T be a linear and continuous map from J^f to J^. Also let Jif = J^f 2 ® (J%?{) T 
(Hilbert tensor product). If K T is the kernel of T , then T G ^2(^1,^2), if and 
only if K T G Jtf? , and 

II^IU2(^i,^2) — \\KrWje- (3.3) 
Proposition 3.4. Let s > 1/2 and /et 8$ be a quasi-Banach space such that 

S 1/2 (R d ) ^ m ^ S' 1/2 (R d ) 

holds. Then the following is true: 

(1) if S s (R d ) ^-t- then there is a Hilbert space J4? of Hermite type such that 
S s (R d ) ^J^^8§; 

(2) if 88 <-^- S' s (R d ), then there is a Hilbert space J$? of Hermite type such that 
8g^J^^S' s {R d ). 

The same conclusions hold after s > 1/2, S s and S' s are replaced by s > 1/2, S s 
and Tj' s respectively, or after S s and S' s are replaced by 5? and 5?' respectively. 

Proof of Theorem \3.1[ We only prove (1). The other cases follow by similar argu- 
ments and are left for the reader. By Lemma 13.21 and Proposition 13.41 it follows 
that we may assume that 88 \ and 88 2 are Hilbert spaces of Hermite type. 

For every integer iV > 1, it follows by repeated application of Theorem 12.21 that 

T K = T Kn o • • • o T Kl , 

for some Kj G S s , j = 1, . . . , N. Then Proposition 13.31 shows that T K . G J^, for 
every j = 1, . . . , N. Hence, if N > 2/p, then Holder's inequality for Schatten-von 
Neumann operators give 

T K = T Kn o ■ ■ ■ o T Kl G J 2 o • • • o J 2 C J 2IN C jr p , 
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which gives the result. The proof is complete. 



□ 
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